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If u is a bounded solution of U” E Au + f on [w+, where A is maximal monotone 
and f is S%dmost-periodic on R, then ZI is weakly asymptotic to an almost- 
periodic solution of the differential equation on [w. 
1. INTRODUCTION 
Throughout this paper, A denotes a maximal monotone operator on a real 
Hilbert space H. For background information on monotone operators, see 
BrCzis [I]. We are concerned here with the existence of almost-periodic solu- 
tions of 
w”(t) E Ao(t) + f(t), a.e. t E R, U-1) 
and with the asymptotic behavior of bounded solutions of 
u”(t) E Au(t) +f@), a.e. t E lR+, 
when f is Ss-almost-periodic on R. Precisely, our main result is: 
THEOREM 1.1. If f is S2-almost-periodic OR R and a E W$?(R+; H) CI 
Lm(lR+; H) satisfies (1.2) then there exists a solution w E W~&K!; H) of (1.1) 
such that w and w’ are almost-periodic, CO“ is P-weakly-almost-periodic, and, 
ast-+w, 
u(t) - w(t) - 0 in H, (1.3) 
u’(t) - w’(t) - 0 in H, (1.4) 
d’(t + .) - w”(t + .) - 0 in L2(0, 1; H). (1.5) 
The terms S2-almost-periodic and S2-weakly-almost-periodic refer to the 
Stepanov sense; cf. Amerio and Prouse [2] and our notational conventions 
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below. Every almost-periodic function is S2-a.p.; moreover, since every I&, , 
periodic function is S2-a.p., Theorem 1.1 includes Theorem 3.2 of [3] as a 
special case. 
In the terminology of a.p. functions, (1.3) says u is ruea& asymptotically 
almost-periodic with almost-periodic part w, while (1.4) says u’ is asymptoticuZZy 
almost-periodic. Of course, results of the type of Theorem 1 .l are well known 
in the presence of strong compactness, e.g. finite-dimensionality of H. The 
novelty of Theorem 1.1 is that such compactness arguments are not used, 
and as a consequence some unusual techniques must be applied. 
Problem (1.2) is of “elliptic” type and has been considered by Biroli [4, 51 
when A is a subdifferential and some additional compactness hypotheses are 
satisfied. The corresponding “parabolic” problem, 
u’(t) E --adW + f(t) U-6) 
has been considered by Haraux [6], who showed that if f is a.p. and ;f an a.p. 
solution of (1.6) exists on R, then each solution u of (1.6) on R+ is weakly 
asymptotic to an a.p. solution of (1.6) on R. Whether the existence of a bounded 
solution of (1.6) on R+ implies the existence of an a.p. solution remains an 
open problem. 
We shall assume the notation and conventions of [3]; in particular, L$(a, b) 
and Lt,(a, b) denote, respectively, the spaces L2(a, b; H, P(t) dt) and L2(a, b; 
H; j3(t)3 dt), where p(t) = min{t - a, b - t}; the norms are denoted by 11 *II.+ ,
II * II** * Weak convergence is denoted by -, strong convergence by +. We 
denote by llflls~ the su~t(~? If I 1 2 112 and by S2(R; H) the space of S2-bounded 
functions, i.e., those ~EL&,,(R; H) with ]ifljsz < co. This is a Banach space 
when endowed with 11 *jlSe (identifying functions which are equal a.e.). 
2. PRELIMINARY ESTIMATES 
We begin by establishing certain a priori estimates on II’ and u”. 
THEOREM 2.1. Let f: [a, b] + H be strongly measurable and [x0 , yO] E A. 
If u E WF;E(a, b; H) satisJes 
u”(t) E Au(t) + f(t), a.e. t E (a, b), (2.1) 
then 
II zJn I/** d Ilfll** + 3 II u’ II* 7 (2.2) 
II u’ II* < I % I + II 24 IL + l/W - 4 llflll + l/V - aI2 I Yo I. (2.3) 
Proof. Inequality (2.2) was proved in [3] under the additional assumption 
that f ELt,(a, b). Of course, (2.2) is trivial if IIf II.+.* = co. 
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Similarly, to prove (2.3) we may assume f f Ll(a, b; H) and u EL~(~, b; H). 
Let us first prove (2.3) in the special case ~(a), u(b) E D(A) and u E W’2*2(a, b; H). 
Rewriting (2.1) as 
u”(t) E Au(t) - Yo + f(t) + Yo 
and multiplying by u(t) - x0 , we get 
$1/2 I u(t) - x0 I2 > I +)I2 + (f W + y. , 40 - x0) a.e. 
Multiplying by /3(t) and integrating, therefore 
u - x0 1 at + J” B(t) g l/2 ( u(t) - X0 12 dt. 
a 
An integration by parts shows that 
s ab B(t) $ l/2 I u(t) - x0 I2 dt = l/2 I u(a) - x0 I2 + l/2 ( u(b) - x0 j2 
- I u@ + W) - xo I2 
G II u - x0 IIt ; 
hence 
II u’ II”* < II B llm II u - xo IL II f + yo II1 + II u - xo 16 , 
so that 
II u’ II+ < II f.4 - x0 IL + l/2 II B llm Ilf + Yo III * 
Equation (2.3) follows for this special case. 
In the general case, note that since u E W~$(u, 6; H) and (2.1) is satisfied, 
for almost every E E (0, (a + b)/2) we have 
u E W2-2(a + E, b - E), u(a + c) E D(A), u(b - c) E D(A). 
Fixing such an E and applying (2.3) in the special case on the interval [a + E, 
6 - c] we get 
II 24’ ll*E < I x0 I + II u/l, + 112 II A /IL-o Ilf III + II PC II”, IYo 19 (2.4) 
where BE(t) = min(t - a - E, b - E - t> on [a + E, b - C] and 0 elsewhere 
and 1) u’ JI*E denotes the norm on Li(u + E, b - 6). Since /3f t j3 as E t 0, after 
applying the monotone convergence theorem to (2.4) we get (2.3). Q.E.D. 
505/37/3-2 
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We obtain S2 estimates on u’ and uN from the following: 
COROLLARY 2.1. Suppose u E W&?(a, b; H) n Lm(u, b; H) satisfies (2.1) while 
f gL2(a, b; H). Then for any interval [t - 1, t + 21 C [a, b] there hold 
(I”” I u’ 12)1’2 < const + /I u/Ice + J;y If I, t 
(6” 1 u” It),” < const + 3 I/ u jIm + 6 (ly If 12)1’2, 
where the constant depends only on A. 
Proof. Apply (2.2), (2.3) on the interval [t - 1, t + 21 and note that 
1 < /3 < 3/2 on [t, t + 11. Q.E.D. 
COROLLARY 2.2. Suppose I = [w or R+, f E S2(1; H), and u E W,2dE(I; H) n 
L”(I; H) satisfies u”(t) E Au(t) + f (t) f 01 a.e. t E I. If I = R, then u’ is bounded 
on R and u” is S2-bounded on R; if I = R+, then for all E > 0 u’ is bounded 
on [E, m) and u” is S2-bounded on [c, CD). 
Proof. The S2-boundedness of u’ and u” on R (when I = R) and on [l, CO) 
(when I = R+) follow directly from Corollary 2.1. However, the S2-boundedness 
of u’ and u” imply the boundedness of u’, and the result on [l, co) can be shifted 
to [c, co) by a change of variable. Q.E.D. 
COROLLARY 2.3. Suppose f E S2(R+; H) and u1 , u2 E W~$R+; H) n Lm(R+; H) 
are solutions of (1.2). Then u;(t) - u;(t) = o(t-lj4) us t --+ CO. 
Proof. Put v = ur - u2 . Then by Corollary 2.2 
s t+1 1 21” I2 < const Vt > 1, t (2.5) 
while by Theorem 3.1 of [3], 
s 
m 
t 1 v’(t)12 dt < (;o. (2.6) 
0 
As in the proof of Theorem 3.2(ii) of [3], (2.5) and (2.6) are sufficient to prove 
v’(t) = o(Ne) as t -+ co. Q.E.D. 
Finally, we recall the crucial convergence result proved in [3]: 
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THEOREM 2.2. Suppose {fn} CL2(a, b; H) converges in ~?(a, b; H) to f, and 
24, E W2m2(a, b; H) satisJies 
43(t) e&x(t) + f&)9 a.e. t e (a, b). (2.7) 
If (uz} is bounded in L2(a, b; H), { u’ ,} converges strongly in L2(a, b; H), and there 
exists t, E [a, b] such that (un(to)} converges weakly in H, then there exists u E 
W2s2(a, b; H) satisfring 
u”(t) E Au(t) + f(t), a.e. t E (a, b), 
such that, as n---f 00, 
unw - u(t) Vt E [a, 4 
u~-+u’ in C([a, bl; H), 
u; -_1\ us in L2(a, b; H). 
Remark. While we do not require the extension here, it may be worthwhile 
to note that the conclusion is unaltered if (2.7) is replaced by 
4(t) E &4t) + f&h a.e. t E (a, b), 
provided in addition each A, is maximal monotone and A, converges to A 
in the sense of resolvents (i.e., (I + tA,)-lx -+ (I + tA)-lx as ti ---f co, for 
each x E H, t > 0). The proof involves an obvious modification of Proposition 2.5 
of [I]. 
3. ALMOST-PE~IODICITY 
The observation which permits the extension of the results of [3] to the 
almost-periodic case is that the hypothesis of L2-convergence of U: in Theo- 
rem 2.2 can be omitted in a special. case: 
THEOREM 3.1. Suppose cfn} C S2([w; H) converges in S2([w; H) to f, while 
for each n, u, E W,“d,“(un , b, ; H) is a solution of 
43) E Au,(t) + fnWr a.e. t 6 (a, , b,), (3.1) 
where a, -+ -co and b, -+ co as n + w. If (11 un Ilm> is bounded andfor a certain 
t, E IR the sequence {un(to)} is weakly convergent, then there exists a solution 
w E W;;;(lw; H) of 
w”(t) E A+) + f (t), a.e. t fz [w (3.2) 
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such that, for each T > 0, 
4) - w(t) in Hfw all t E IF!, (3.3) 
ifA:,-+ W’ in C([-T, T]; H), (3.4) 
u; - wUn in Lz(- T, T, H) (3.5) 
Proof. Choose an increasing sequence {qm} in R+ such that qm + co and 
q,,,e,,, ---f 0 as m --f co, where e, := supnan 11 fn - fm [Isa, while [-qm , q,,J C 
(a, , b,) for all n > m. (This is possible since e, -+ 0 and a, -+ -a, b, -+ co.) 
Put M = supn /I U, /Ice and, for a fixed pair 71 > m, h(t) = l/2 I q,,(t) - u,(t)12. 
Then 
h”(t) = 1 u:, - 4 I2 + Ma - 4, u, - %a) 
2 I 4n - 4 I2 + (fin -fn > %z - %I 
3 I 4 - 4I”-2MIfm-fnl (3.6) 
a.e. on (-qm , qm) since u, , II, satisfy (3.1) and A is monotone. Fix T > 0. 
If m is so large that qm > T then on multiplying (3.6) by qnz - I t / and 
integrating we find 
< s I (9?n - I t I) h”(t) dt + 2~4 s” (qm - I t I) I fn - fm I dt. (3.7) wi -%a 
But an integration by parts shows 
s 
1 (qm - I t I) h”(t) dt = h(q,) + h(-q,,,) - U(0) < cons& 
m 
and surely 
I 
%rI 
--I tq m- ln 
l t I) Ifn -fm I dt < qmjzm Ifm -fm I 
Thus (3.7) shows 
G !7m(29m + 1) llfn - fm IIS2 *
s T -T 1 uh - uh I2 < * + const qme, m (3.8) 
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for sufficiently large n, m, proving that {u:} converges in P( - T, T; H) for any 
T > 0. The proof of Corollary 2.1 shows that (~3 is bounded inLa(- T, T; H); 
Theorem 2.2 now applies and we conclude that (3.3)-(3.5) hold for some 
solution w of (3.2) on (-7’, T). Since T is arbitrary, w is a solution of (3.2). 
Q.E.D. 
THEOREM 3.2. Supposef E S2(R; H) is S2-almost-periodic and w E W~;,?(R; H) n 
Lm(R; H) is a solution of (1 .l). Th en w and W’ are almost-periodic while W” is 
S2-weakly-a.p. 
Proof. Let {tJ be any sequence in R, choose a subsequence (again denoted 
by {tn}) such that f(tn + *) +J in S2(!R; H), and put fn = f(tn + *), CO, = 
w(t, + .). Then w, is a solution of wi E Aw, + fn a.e. on Iw and // w, (Im = 
11 w /jm . As in the proof of (3.8) we find 
where d, ---f 0, but by a translation we have, moreover, 
for any a E R. This shows (WI} converges in S2(R; H). By Bochner’s criterion 
W’ is therefore S2-a.p. But by Corollary 2.2 W” is S2-bounded, hence W’ is 
uniformly continuous. Thus w’ is almost-periodic. Finally, the a.p. function 
W’ has bounded primitive w, which is thus a.p. ([2], p. 55). The S2-weak- 
almost-periodicity of W” is proved as in [5]. Q.E.D. 
We are now in a position to prove Theorem 1.1. First we prove (1.1) has 
a bounded solution w. Since f is S2-a.p. we can find t, -+ cc such that fn := 
f (t, + .) + f in S2(R; H). For u, := u(tn + .) we find 
C(t) E Au,(t) + fn(t), a.e. t E (-tla , a), 
II %I l/m = II u l/m *
Thus by Theorem 3.1 there exists a solution w of (1.1) such that un(t) - w(t) 
for all t in R; and /I w Ilrn < jj u Ilrn . 
Now let F = (z E H: w( .) + z is a solution of (1.1)). We claim there exists 
z E F with u(t + n) - w(t + n) - x as n -+ co for all t E R. Indeed, for any 
sequence of integers nk --+ co we can find a subsequence (which we again 
denote by nk) such that {u(nJ} and {w(nk)) converge weakly while j/f (nk + .) - 
g /Is2 -+ 0 for some g E S2(R; H). By Theorem 3.1 there exist bounded solutions 
ii, zz of 
v”EAv+g on R (3.9) 
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such that u(t + nk) - ii(t) and w(t + nx) - G(t) for all 1 E II& Since by [3], 
Theorem 3.3 two bounded solutions of (3.9) differ by a constant, there thus 
exists ,a0 E H such that u(t + nK) - w(t + nk) - x0 as k + co, for all t e [w. 
Further, as g(-n, + .) +f in S2(R; H), by Theorem 3.1 w(.) + .a,, is a 
solution of (1 .l), i.e., za EF. 
We have shown that for every sequence of integers nk -+ CO there exist 
a subsequence and ,zO E F for which 
u(t + n,(i)) - w(t + Wd) - %I VteR. 
By [3, Theorem 3.17, for each fixed t, (1 u(t + n) - w(t + n) - z,, 11 decreases 
as n -+ co; it follows from Opial’s lemma [7] that there exists z EF such that 
u(t + n) - w(t + n) - z as n -+ co, for all t E [w. We take w = w + a, 
so w is a solution of (1.1) and u(t + n) - w(t + n) - 0 as n + co for each t. 
By Corollary 2.2 u - w is uniformly continuous on (1, 00); (1.3) follows at 
once. 
To prove (1.4) we have merely to note that by Corollary 2.3 u’(t) - w’(t) = 
o(t-l/4). Equation (1.5) follows from Corollary 2.2 because the functions 
uyt + -) - w”(t + *) are bounded in L2(0, 1; H) for t >, 1 and the derivative 
is a closed linear operator in P(0, 1; H). Finally, by Theorem 3.2 both w and 
w’ are a.p. while W” is S2-weakly-a.p. Q.E.D. 
Recall that A is coercive if 
lim (Ax, x)/j x 1 = co. 
cc:G 
Thus when 0 E A0 there exists a continuous nondecreasing function c: [w+ + IF?- 
such that c(t) -+ 00 as t -+ 00 and 
(Ax, 4 2 4 x I> I x I Vx E D(A). 
THEOREM 3.3. Suppose f ELm(R; H), A is coercive, and 0 E AO. Then there 
exists a soZution w E W;JdE(R; H) nLm(R; N) of(l.l). 
We conjecture that Theorem 3.3 remains true if “f CL*” is replaced by 
‘fe SyR; H).” 
Proof. Let n be a positive integer. By a theorem of Barbu [S] there exists 
a (unique) solution un E W2~2(--n, n; H) of 
4(t) E Au,(t) + f (9 a.e. t rz (-n, n), 
u,(-n) = 0 = u,(n). 
(3.10) 
We use a trick of Biroli [4] to show that 11 u,, Ijm is bounded in n. 
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Multiply (3.10) d an use the coercivity of A to get 
$1/2 I %@>I2  (4 9 %l) 
a- 4 %zWl> I %@)I + UP>, U&N 
3 (4 %(W - Ilfllm) I%&)I. (3.11) 
Suppose c(l un(t)l) > )/ flloo for some t. By (3.11) and the continuity of c, there 
exist [tr , t,] C (-n, n) with c(l Eli) = llfllrn for t = t, , t, , and c(l ~~(t)j) > 
$kmzr t E (tr , ta). By (3.11) l/2 j u, I2 is convex on [tI , t,]; hence on that 
I @>I < mad ~&)I~ I ~n(~2N~ 
Since c is nondecreasing this is a contradiction. 
We have proved c(j u, I) < llfllrn . Since c(t) --f co as t -+ co, this shows 
// u, Ilm is uniformly bounded. A final appeal to Theorem 3.1 completes the 
proof. Q.E.D. 
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